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A PROJECTED LAGRANGIAN ALGORITHM FOR NONLINEAR MINIMAX OPTIMIZATION

by

Walter Murray
and
Michael L. Overton*

ABSTRACT

The minimax problem is an unconstrained optimization problem
whose objective function is not differentiable everywhere, and hence
cannot be solved efficiently by standard techniques for unconstrained
optimization. It is well known that the problem can be transformed
into a nonlinearly constrained optimization problem with one extra
variable, where the objective and constraint functions are continuously
differentiable, This equivalent problem has special properties which
are ignored if solved by a genersl-purpose constrained optimization
method, The algorithm we present exploits the special structure of the
equivalent problem. A direction of search is obtained at each
iteration of the algorithm by solving an equality-constrained quadratic
programming problem, related to one a projected Lagrangian method might
use to solve the equivalent constrained optimization problem, Special
Lagrange multiplier estimates are used to form an approximation to the
Hessian of the Lagrangian function, which appears in the quadratic program,
Analytical Hessians, finite-differencing or quasi-Newton updating may
be used in the approximation of this matrix., The resulting direction of
search is guaranteed to be a descent direction for the mirimax objective

function, Under mild conditions the algorithms are locally quadratically

convergent if analytical Hessians are used.
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1. Introduction. Justification

The problem of concern 1s By
Distributiony ?

Availabili ty Codes
Avail end/oy

weP: min {F,&) | X K"}, |
- Dist special

X

where FMG) = max {f; (x), 1 =1,2,...,m} H

and the functions fi: : Rl are twice continuously differentiable.

The function FMG) is called the minimax function and MMP is wusually
referred to as the minimax problem. The minimax problem is an unconstrained
optimization problem in which the objective function has discontinuous deriva-
tives. Moreover, any solution is usually at a point of discontinuity and con-
sequently it is inappropriate to use any of the known powerful methods for
unconstrained minimization to solve MMP. An equivalent problem to MMP is the
following nonlinearly constrained problem in which both the objective and

constraint functions are twice continuocusly differentiable:
. min [ x ¢ B*"
EMP: - {xn+l X € }
subject to ¢, (x) >0, 1=1,2,...,m,

where ci(x) =X 4 - fiGE), i=1,2,...,m,

a.nde=(§T,x ) .

n+l

We could solve EMP using one of the many methods available for the general




constrained optimization problem:
NCP: min {.‘(G)(x)}
x

subdect to cj(.G)(x) 2 0, i= l,2,...,m ’

é where F(G) and {cic)

5 functions. It will be shown, however, that a method can be derived that

} are arbitrary twice continuously differentiable

exploits the special structure of EMP.

The primary special feature of EMP from which many other properties

follow is that the minimax function F,, is itself a natural merit function

M
which can be used to measure progress towards the solution of EMP. For

problem NCP, in general such a natural merit function is not awvailable, and
it is necessary to introduce an artificilal one such as a penalty or aug-
mented Lagrangian function to weigh the constraint violation against the
decreasing of the objective function, or a barrier function to enforce
feasibility. All these merit functions require the definition of a para-
meter which is to some degree arbitrary and its selection can prove difficult.

In the case of penalty and augmented Lagrangian functions, difficulties may

also arise because often the global minimum of the merit function is not
the solution of the original problem.

The method we adopt to solve MMP essentially consists of two steps :
at each iteration:

(1) Obtain a direction of search by solving and perhaps modifying
an equality-constrained quadratic programming problem (QP), related to one

a projected lagrangian algorithm might use to solve EMP, This procedure is
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described in full in subsequent sections.

(2) Take a step along the search direction which reduces the
minimax function. Because the minimax function is not differentiable,
it is important for efficiency to use a special line search

algorithm,

Projected Lagrangian algorithms for solving the general problem NCP
via successive quadratic programs have been proposed or analyzed by a
number of authors including Wilson (1963), Murray (1969a), Robinson (1974),
wright (1976), Han (1977a), Fowell (1977), and Murray and Wright (1978).

We meke further comments on the extent of the implications of the special
structure of EMP, and hence the relationship of our algorithm to these
algorithms for the general problem, in Section 15.

A number of other algorithms have been proposed for solving the non-
linear minimax problem. Our approach is most closely related to those due
to Han (197Tb) and Conn (1979). We will discuss these further in Section 12,
after our algorithm has been described in full.

An important special case of MMP is the problem of minimizing the
!_ norm of a vector function f£(x) e i

£ P: min (F (x) | X e B}

where FQ(E) = max {| fi(f) l, i=1,2,...ym} .

Handling this case in a special manner presents no essential difficulties.

However, in order to avoid unnecessarily complicated notation, we postpone

1
1
1
i
]
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discussion of this until Section 11.

We note that no convexity assumptions are made about the functions
fi (X) . The difficulties of finding global minima without convexity
assumptions are well known - - we concern ourselves only with local
minima.

1.1 Notation.

9%*
* —_
Define x +to be a solution of EMP . It follows that x , the

*

vector composed of the first n elements of x , is a solution to MMP

*
*

and X .= FM(;) .
, (k) i * =(x)
i Let x denote the k-th approximation to x and x the k-th
' *
approximation to X . In general, we will use a — placed above a vector
to denote the vector composed of the first n elements of the vector without
the -

(e+1)
At each iteration of the algorithm, x is obtained by

‘, setting
i -i(k+l)= E(k)-k oD

and xn+l(k+l) - FMG(ku))

where E is the direction of search and  , & positive scalar, is the

steplength. Note that this choice of xn+l(k+l) immediately guarantees

; that all the points {x () } are feasible for problem EMP, i.e.

ci(x(k)) >0, 1=1...,m.
At any point x we define an active set of constraints of EMP as those
. which we think will have the value zero at the solution ; » based on the
E information at x . This set will usué.].]y include all constraints with the
value zero at the point x and may also include some with positive va;ues.

The exact procedure for initially selecting the active set at each iteration

L e




will be discussed in Section 10, and procedures for modifying this choice

will be described in Sections 5.2 and 6. We define t(= t(x)) to be the
number of active constraints at x , and write the vector of active con-
straints as ¢(x) ¢ R° . We similarly define 2(x) as the vector of
active functions corresponding to the a.c;l:ive constraints, i.e., those
functions expected to have the value %) at ; . Let V(X) be the
n x t matrix whose columns {;J(}_c)} are the gradients of the active
functions, and let A(x) be the (n+1l)x t matrix whose columns {;j (x)

are the gradients of the active constraints. Thus

A VG o T ot
Alx) = . vhere o= (1,...,1)T €&
e .
» ~ -h (_)oo‘ -h (—)
= [al(x)...at(x)] = vl x vt x

We define Y(x) to be a matrix with orthonormal columns spanning the range
space of A(x), and Z(x) to be a matrix with orthonormal colums spanning
the null space of A(x) . Let I, be the identity matrix of order s

Provided A(x) has full rank, we have that Y(x) has dimension (n+l)x t ,

Z(x) has dimension (n+l) X (n+l-t) , and

1x)7T v(x)

T, z(x)T z(x) = I

t +1-t ?

¥(x)T 2(x) = Ax)2(x) = 0 .

Let en+1 = (O,...,O,l)T € R’“ﬂ' . The Lagrangian function for

problem EMP is given by




T ~
L(x,)‘? =% - r cx)

where ) € R® 1s & vector of lagrange multipliers.

The gradient of
L(x,)) with respect to x is

€e1 - A X . We define the (n+l) x (n+1)

matrix W(x,x) to be the Hessian of the lagrangian function with respect
to x . Thus

t(x)
Wix,2) =Z SV ACACY
=1
WGE,)\) 0
1 o o
where t(x) X
RGa) =) 75 @ .
i=1

The term"projected Hessian of the lagrangian function"is used to indicate
projection into the null space of A(x), i.e., the matrix

z(x)T W(x,3)2(x) . This matrix may also be written Z(x)T Wix,) 2(x) ,

where Z(x) consists of the first n rows of Z(x) .

Often we will omlt the arguments from ¢, A , Z, etc. when it is
% *
clear that they are evaluated at x(k) . We use the notation \7, A, 2,

~ ~ *
etc. to denote V,A, 2, etc. evaluated at x with the active set

correctly chosen, i.e., consisting of all those constraints with the value
*
zero at x .
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1.2 Necessary and Sufficient Conditions.

In the following we shall refer to the first- and second-order
constraint qualifications and the necessary and sufficient conditions
for a point ; to be a local minimum of the general problem NCP as
defined in Fiacco and McCormick (1968). The conditions for ; to be a
local minimum of EMP (and hence ; of MMP) are simplifications of
these general conditions. The main simplification is that the first-
order constraint qualification always holds for EMP. To see this
observe the following. For any point x let p be any nonzero vector
satisfying

ai(x)Tp >0 forall i &.t. cx)=0

where the vector & is the gradient of cy -

8 = 0 to the locally differentiable feasible arc

Then p 1is tangent at

x(6) =| x + op

max {FM(i + 8D), X1t OPpq) .

The first-order conditions therefore reduce to the following (see Demyanov

and Malozemov (1974) for an alternative derivation applied directly to MMP).

First-order necessary condition.

Ir ; is a local minimum of EMP then there exists a vector of

Lagrange multipliers f € Rt such that

e - K=o (1.1)

%

and > 0 .

e




*
Two conditions which are equivalent to (1.1) are that x 1is a

stationary point of L(x,x) with respect to x and that ETen+l= 0.
Note that (1.1) implies that % is rank deficient and that the sum of
the multipliers is one.

The second-order constraint qualification does not necessarily hold
for EMP (for example at the origin for £1= x5 = - xi » and fp= - xi).
We therefore include this assumption in the statement of the second-order

necessary condition.

Second-order necessary condition. i

*
If x is a local minimum of EMP and the second-order constraint
* ¥ %
qualification holds, then 2. W(x,A)% , the projected Hessian of the

Lagrangian function, is positive semi-definite.

Sufficient condition.

*
If the first-order necessary condition holds at x , the Lagrange

ik

multipliers are all strictly positive, i.e. ; >0, and A W(;,{)E is
positive definite, then ; is a strong local miniﬁum of problem EMP,
Thus in terms of problem MMP, FM(;) < FM(i) for all X such that
|x - x| <8, for some 8 >0 .
Note that in the case where all the fi are linear it*is well known
that a solution must exist with n+l active functions at x (see Cheney (1966)
for the case A'P). Then normally E is null and therefore the second-
order conditions are also null. The nonlinear problem, however, can have

*
a unique solution with anything from 1 to n+l functions active at x .

This relationship is exactly analogous to that between linear and nonlinear
programming. For comments on the special case of ga approximation and

the meaning of the Haar condition, see Section 11.

8
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2. Use ¢f the Equivalent Problem EMP.

Clearly it is desirable that at every iteration the search direction

P be a descent direction for Fo i-e.

(x)

G, 5 < o, where FyG®), 5) 1s tne

directional derivative 1im 2 (F (—(k) + hp) - FG(k)))
h -+ O

An equivalent condition is that p is a descent direction for each
. () _ =)y (s (), _
function f, for which fi(; ) = Bx\") (i.e. ci(x )=0).

b‘

A second desirable property for p arises from considering the active

set which consists of those constraints corresponding to functions we
* *

expect to have the value Fyfi) at x . We wish to choose p so that

the first order change in these functions Predicts that they will all

have the same value at i(k)+ . An equivalent condition is:

ANy o 5 (2.1)

and hence

(—(k)) + v (_(k = Nr(k)) * P 1=1,0.0,1

for some value Phey ( the (n+1l)st component of p ). If the active set

included all the constraints which are zero at x(k) » then the condition

Ppeg <O (2.2)

also ensures that P 1is a descent direction for FM « In fact, at

every iteration the active set will initially include all such constraints,

but it may be desirable to drop one or more of them from the set to move




off a constraint. Since the decrease in ﬂw is limited to the smallest

decrease in any of the functions corresponding to ci(x(k)) =0 , it is

also desirable to insist that

ai(x(k))T p> O for all i such that ci(x(k)) =0 . (2.3)

Conditions (2.2) and (2.3) ensure that p 1is a first-order

feasible descent direction with respect to problem EMP, It is

straightforward to show the following from the above remarks.

Theorem 1. If (2.2) and (2.3) hold, i.e., p is a first-order
feasible descent direction for EMP, then p is a descent direction

for F,, and hence a sufficiently small step along it must result in

M

a reduction in FM .

Note that the above does not guarantee that p 1is a feasible

direction for EMP, as illustrated by Figure 1. This causes no

(k+1)
+1

always possible to obtain a lower feasible point for EMP if (2.2)

difficulty since x is set to F(E(k)) and hence it is

and (2.3) hold. Consequently it is important to look for a reduction

in Fﬁ in the line search and not in a penalty function constructed

for EMP. In Figure 1,

E

(k)
(%)

(k))

+ ‘pl) < F (xl

M

but a penalty function may have a much higher value at x(k) +p

(k) (k)

than at x since x'"'+ p is infeasible for EMP .

10




RV SNy

xn+1

c(x)>0

™l

M| kp—

Example for n=m=1 where p is first-order feasible
but not feasible for EMP.

FIGURE 1 .
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Thus we see that the importance of EMP is as a device to obtain a
search direction p along which Fh can be reduced in the line search.
We emphasize again that we wish (2.2) and (2.3) to hold so that p is a

descent direction for F, , and that the active set nature of the

M
algorithm indicates that (2.1) should also hold. It is not reasonasble

to carry (2.1) one step furthér and demand that the second order change
in the active’functions predict they all have the same new value, since
this would require computing and storing each of the Hessians of the
active functions, a process vhich is unwarranted especially since it may
not be possible to solve the resulting equations for p . It is the

case however that (2.1), (2.2) and (2.3) will usually not uniquely

define p , and in the next section we utilize properties of EMP to
obtain an initial choice of P by solving a quadratic program (QP) vased
on second order information incorporated in an approximation to the
Lagrangian function. The solution to this QP may not always satisfy (2.1),

(2.2) and (2.3), and in subsequent sections we discuss how to modify the

initial choice to obtain a satisfactory search direction.

3. The QP Subproblem

The solution of EMP is at a minimum of the Lagrangian function in
*
the null space of the active constraint Jacobian at x.
The usual method for solving a general linearly constrained problem

is to approximate the objective function by s quadratic function and

12




then determine the search direction by solving some appropriate

quadratic program (QP). Consider therefore the quadratic program

min L(x(k_), ;\(k)) + (e ,q - K(x(k))x(k)-)Tp +
D |

w(x(k)’ (k))
subject to R(x(k))Tp = - g(x(k)) .

where k( ) is an approximation to i.

An equivalent QP is given by

QL : m;n 2 p w(x (k),x(k))P ey P

subject to K(x(k))Tp = - :(x(k)) .

Let us drop the arguments x(k) and x(k) from A and W, and

let Y and Z be the orthogonal matrices defined in Section 1.1.

The matrices Y and Z may be determined from the QR factorization

of A:

13
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wvhere R 1is an upper triangular matrix of order t . If A has full
rank and ZTWZ is positive definite, then the unique solution of QF1

can be expressed as the sum of two orthogonal components:

p= Yp, +Zp, (3.1)
vhere p_ € R® and P, € -t
Y Z
We have
ATp = BT By = -c (3.2)

and Py is determined entirely by the constraints of QPl.

The vector p, is given by the solution of
Z

(z"Wz)p, = - ZT(en+l + Wip,) (3.3)

(see Murray and Wright (1978)).
In subsequent sections we will also wish to refer to a related Qp

and its solution, namely the one with the same quadratic form but homo-

geneous constraints:

1_T T
QF2 : min 3P Wp+en+lp
P
subject to A(x(k))Tp =0 .

The solution to this is given by p = ZqZ » where

(ZTWZ)qZ = . ZTem_l . (3.4)

1k




At every lteration of our algorithm an attempt is made to set the
search direction p to the solution of QPl, but for various reasons
this may be inadequate (there may not even be a solution). Much of the
detailed discussion of the method is concerned with what‘action to take
in these circumstances. It is important to realize that it is only on
attempting to solve the QP that these inadequacies are revealed and if
the solution is not sought in a particular manner, certain deficiencies
are not ascertained. We are restricted in the action we may take by
requiring that the search direction satisfy (2.1), (2.2) and (2.3), and by
a8 need to limit the computational effort when thé information on ﬁhieh
it is based has proved suspect. We also wish to arrange the computation
so that any computational efforts already invested can still be utilized
should the initial QP prove inadequate. In particular, provision must
be made for the possibility that the wrong active set is identified at
x(k) . We will always insist that at the beginning of every iteration
the potential active set includes all constraints with zero value at
x(k) (and it will normally also include constraints with positive values).
In Section 5.2 and 6 we discuss how & constraint may then, if desired, be
deleted from the active set.

For the moment we assume that analytical Hessians are used to compute
W , but in Section 7 we discuss finite difference and quasi-Newton
alternatives. Notice that the definition of W requires an estimate of
the Lagrange multipliers { to be made available at x(k) . Before

discussing these other matters, we devote the next section to the subject

of multiplier estimates.




L. Lagrange Multiplier Estimates.

Although the arguments of Section 3 amply justify defining the

basic search direction p as the solution to QPl, it is not nearly
as clear how to define the ILagrange multiplier estimate at x(k) .
These estimates are needed to define the matrix W and to determine

whether constraints should be deleted from the active set. Clearly

(k)

it is better to use new information obtained at the current point x
rather than use the multipliers of the QP solved at the previous
iteration.

;¢ The least squares estimate.
L

The most obvious multiplier estimate is the least squares solution
to the overdetermined system based on the first order necessary con-
ditions. Thus we define ) to be the solution of the least squares
problem

" 2
min J|A j - en+1||2 .
A

It is well-known (see Golub (1965) ) that the least squares problem can
be solved by using the QR factorization of A , which we introduced in
the last section to solve QPl. The estimate XL is called a first-order

multiplier estimate because
k)
g ag = 0Uix® )

where Xy is the minimum of EMP on the manifold defined by the current
active set, i.e., the solution of

min x subject to c(x) =0

n+l
x




"
y

and Ay 1s the corresponding Lagrange multiplier vector.

The multiplier estimate KL has the foliowing property. Suppose for
some reason p is unsatisfactory and we wish to delete a constraint from the
active set. If (AL?J < 0 and we delete constraint J , then the steepest
descent direction in the nullspace of the new active constraint Jacobian
is guaranteed to be first-order feasible with respect to the deleted con-

-~

straint. Define A as A with QJ deleted, and Z by

T _ ST 5 -
AZ=0, Z2=1, ., Z=[2 2] . (4.1)

Then the steepest descent step in the new null space is given by

T _ ooT

Zsy = -ZZ e, (%.2)
and we have

AT- -

a4 Zs;>0 &.3)
The Newton step in the null space, given by E q% s where

o) o U

(z'W 2)q; = - 2 e 1 (5.4)
does not in general satisfy

ATN ~

8y Zgqy;>0. &.5)

See Gill and Murray (1979) for the proof of these statements in the
context of linearly constrained optimization.

Ao A special estimate for problem EMP.

A more appropriate estimate than kL can be obtained by

considering the special structure of EMP. The least squares solution

17
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is motivated by the fact that the overdetermined set of equations

R A= e +1 is only an approximation to the set of equations which
hold at x, , the minimum on the manifold. Howcver, the (n+1)st
equation ;Tx =1 1s exactly, not approximately, the equation.which
holds at Xy - We therefore define another multiplier estimate Ac
as the least squares solution to the first n equations subject to
the constraint ;Txc =1 . Thus XC is the solution to the con-

strained least squares problem

min "9 1"2 subject to ;Tx =1 .
A

In fact we can show that XC is exactly AL multiplied by a scalar

greater than or equal to one.

Theorem 2. Assume A has full rank and let AL and AC be defined
= 1 > 1
eTl -

L

Proof. If V does not have full rank then let 3 ¥ 0 be such that

as above. Then XC =B o where g =

VA=0. Wehave e A £0 since otherwise A A =0 . Thus

AC = AL = ;1' A with both the least squares and the constrained
e A

least squares problems having zero residuals, and the result follows.

~

Therefore assume that V has full rank. The vector AL satisfies

A ~ _1 I\T
(A*A)™" A €1

>
1

vy + eel)"Le

It follows from the Sherman-Morrison formula (see Householder {196k,

p. 123)), that

18
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where

a= (v)le 4.7)

Note that e'd > 0 since (V)% is positive definite.
Since AC is the solution to a constrained optimization
problem it follows from the corresponding first order necessary

conditions (writing ||V J° = ATV 1) that

I\TI\ ~
2VyV l(:— Ble
where Bl is the Lagrange multiplier associated with the constraint

eTl= 1l . Since er >0 and ;TAC = 1 we have

1l
x = o
c er

d

and hence the result follows. Alternatively the equation for AC could
have been obtained by scaling the last equation in the unconstrained

least squares problem and observing that the right band side of (4.6),
modified to include the scale factor, tends to 1%% d as the scale factor

ed
goes to infinity. (7

Note that it would be highly ill-advised to compute AL and AC

by computing 4 via (4.7). If x(k) were equal to X, , the minimum

on the manifold, then V would be rank-deficient, but A would not

19
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(k)

in general, and hence if x is close to Xy the condition number

of VTV may be much bigger than that of ATA . Since solving the

least squares problem using the QR factorization of A 1is alrady a
better conditioned process than explicitly using ATA  (via the
normal equations) it is clear that using the QR factorization of A

is far preferable to using (4.7).

Using the scaled estimate hc instead of XL will result in
different decisions about whether to delete constraints from the
active set since, as will be explained in Section 6, the magnitudes
as well as the signs of the estimates are used to make the decision.
Furthermore, using XC instead of AL in general increases the
magnitude of W and hence affects both the direction (if ¢ # 0)
and the magnitude of the solution to QPl. The following example
illustrates that it may often be beneficial to use AL rather than
A\ - et n=m=1 and F(x) = fl(ﬁ) =% . Let the current
estimate of the solution be i(k)= 2 . Then G =k and X = [;&] s

A and AC =1 . Using RC for W results in the exact step

= L
L AT
to the solution being taken, but using lL results in one seventeen
times too big. Clearly similar examples can be constructed with a
larger number of active constraints. The choice of AC over AL

essentially arises from the fact that problem MMP is in some sense

naturally scaled -- the functions of MMP cannot be individually scaled

without changing the solution while the constraints of NCP can be in-

dividually scaled in general.

20




AD: A second special estimate,

The estimate XC is not the only multiplier estimate that might
be constructed to take the special form of EMP into account. Since we
know that G would be rank-deficient if x(k) were the minimum on the
manifold, a reasonable alternative would be to assume that G is close
to being rank-deficient and define XD as the solution to an appropriate
rank deficient least squares problem, scaled so that ;TAD =1 . Let the

QR factorization of V with column pivoting be

where Q1 is an orthogonal matrix, @I is a permutation mstrix, s is

a vector and T is a scalar. If T = O then the vector

and its multiples are solutions to the rank-deficient least squares

problem VA oo O . Therefore let

The estimate AD is not a multiple of XL in general and if a
constraint is deleted corresponding to (XD)J <0, it is not true that
the steepest descent step satisfies (4.3). This alone makes the use of
AD questionable. Furthermore, to obtain AD it would be necessary that
the QR factorization of G be done with column pivoting (otherwise it

makes no sense to ignore r) and this means it could not be obtained

21



by simply updating the factorization of A . The main flaw of lD is
that it ignores the information given by ¢ even though V may not
be nearly rank deficient. For these reasons we do not consider AD any

further.

g * A second-order estimate.

The second-order Lagrange multiplier estimate by is defined as

the exact multipliers corresponding to the solution p of QPl, i.e. the

solution to the consistent set of equations

~

A'u'w = en+l + wp 14 (h-7)

where p is given by (3.1), (3.2) and (3.3) and a first-order multi-
plier estimate is used to define W . The necessity of requiring W
to define e implies that second-order estimates can only be useful in
determining whether t> delete constraints from the active set. The

estimate is called second-order because

(k)

g = Al = 0 (™ = = ®)

If a constraint is deleted corresponding to (“vgj <0 , then (4.3) will
not hold in general. If e=0 , then (4.5) will hold.

The system (4.7) is consistent because of the definition of p .
Note that because it is consistent there is no question of a second-order

estimate analogous to kc - - the last equation is already satisfied by by -
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vyt A first-order estimate guaranteeing a first-order feasible

Newton step after deletion.

The multiplier estimates ), and by @are often used in constrained

L
optimization and are discussed in some detail in Gill and Murray (1979).
Here we note that there is yet another estimate which might be useful
both for EMP and in the context of general constrained optimization.

We denote it Yy and define it by
A“w = epr1t wqu !

where Zg, is the solution to QP2 as defined by (3.4). The estimate

Yy is the vector of exact multipliers corresponding to the solution of
QP2. Unlike the case with lL or by 2 if a constraint is deleted
corresponding to a negative component of Yy then (4.5) must hold even
if 2 # 0 , i.e. the Newton step in the new null space must be first-
order feasible w.r.t. the deleted constraint. This fact follows from

the proof of Theorem 4 in Gill and Murray (1979), where (4.5) is shown

to hold in the context of linear constraints. The proof is applicable to
vy but not by in the context of nonlinear constraints, since Yy is
the exact multiplier vector for a QP with homogeneous constraints.

Notice however that unlike by ? Yy is only a first-order estimate.

Using the estimate XC to define W .

Both the estimates ) and by will be used to decide when to

C

delete constraints from the active set, as will be discussed in Section 6.

As explained there, a constraint with a negative component of kC will not
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necessarily be deleted from the active set, since the multiplier
estimates may not be reliable. However, we also use }‘C to define W
and there is no good reason to include in W a term with a negative

component of ) c - Therefore, we define W to be
t
wix ) =}E: A 25 (x8))
i i
i=1

where
1
A o= = A"
eTkn

and 1" is defined by \j = max(O,(xC)i) .




5. Properties of Solution of QP Subproblem.

In this section we examine the properties of the solution to QPl.
Initially we assume that all constraints with zero value are included
in the active set and that A has full renk and ZWWZ is positive
definite so that the solution p is given by (3.1), (3.2) and (3.3) and
is unique. We would like p to satisfy (2.1), (2.2) and (2.3) .
Clearly the constraints of QPl ensure that (2.1) tud (2.3) nold. Thus
the only question is whether p 1is a descent direction for EMP, i.e.
whether (2.2) holds. If all the active constraints have the value zero
then the following applies:
Theorem 3. Suppose that ; =0 , K has full rank and ZTWZ is positive
definite. Then p , the solution of QPl, is a descent direction for
EMP provided it is not zero.
Proof. Since K has full rank and the columns of Y span the range of

A~

of the columns of A , we have p, =0 . Hence p = Zp, and
Y Z

e T = - TZTe
n+1l P Py 2 €nr1

- p, Z WZp, by (3.3)

Since ZTWZ is positive definite, en+lTp must be negative if pzyfo,

i.e. £ 0 . [

T

Z &1 = O and hence A lL =

If p=0, then by (3.3) e +1 1S

a consistent set of equations, with l(:= AL = Uy = AM . Thus either

one of the components of XC is negative or zero, or the first and second

(k)

order sufficiency conditions are satisfied and x is a solution
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of problem EMP. If p =0 and at least one of the multipliers is

negative, then it is necessary to delete a corresponding constraint
from the active set to obtain a descent direction. The procedure
for doing this is described in Section 6. If p = O and the smallest
component of AC is zero, the point x(k) may or may not be a
solution. 1In this case special techniques such as described in Gill and
Murray (1977) must be used to determine whether to treat the correspon-
ing constraint as active or not. These will not be discussed any further
here.

In the next three subsections we discuss the actions which it may
be necessary to take to obtain a search direction which satisfies (2.1),

(2.2) and (2.3) when we drop the assumptions that ¢ =0 , A has full

rank and ZTWZ is positive definite.

5.1 Positive Active Constraints.

In practice it will rarely be the case that g = (0 , so we now drop
this assumption. We note that if we were sufficiently restrictive in
the definition of the active set (e.g. choose only one constraint active)
then we could force this condition to be true. As will be shown in
Section 10,however, it is important for the efficiency of the algorithm
not to be too restrictive in the definition of the active set. This may
appear to negate the significance of Theorem 3, but this is not the case.
Although dropping the assumption certainly means that Theorem 3 no longer
holds,since both YpY and sz could be ascent directions,we can infer
that if "8" is small (and it approaches zero near the solution), then p

is likely to be a descent direction. If,having solved QPl,it transpires
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that en+1Tp > 0 , then, provided either YpY or ZpZ is a descent

direction, a suitable descent direction can be chosen as follows:

YpY +y ZpZ if em_lTYpY <0

. T
Y YpY + sz if en+l sz <0
for some y satisfying O <y < 1 . If neither component is a descent
direction then a further possibility is to replace sz by the solution
of G2, i.e. Zq, where q, 1is given by (3.4) . Provided zTen+l¥ 0,
the vector ZqZ is a descent direction, and hence so is YYpY + Zqz for

some Y, 0<Y<1l.

When ZTen =0 and YpY is an .scent direction, it is necessary

+1
to delete a constraint to obtain a descent direction. One possibility
would be to delete constraint j (say) where ;j is the largest component
of g s since it is not strictly necessary to be concerned about whether
the resulting search direction has & positive inner product with ;j
((2.3) applies only to constraints with value zero). However, clearly
this may lead to a very small step being taken along the search direction
with this constraint being forced immediately back into the active set.
The following result shows that when YpY is uphill, a constraint can
always be found with a negative multiplier estimate and hence can be

deleted more safely. The result is also useful when ZTe # 0 since then

n+l

the fact that YpY is uphill implies there are too many constraints in

the active set.

Theorem 4. Assume A hes full rank and let Yp, be defined by (3.2).

o o= v




‘au."

T I

if e YpY > O, then one of the components of XC is negative.

n+l
Proof. We know )., is a positive multiple of XL . The vector A
satisfies i

: A = Yre (5.1)

This is a characterization of the least squares solution using the

g projector matrix Y (see Stewart (1973, p. 228)). Thus
™, T, T
A AYpy = ey YT Ypy
and hence

TA

T
- XL c =e YpY >0 .

n+l

Since ¢ > 0 it follows that at least one of the components of AL

and hence 1\, must be negative. ]

It also follows from the above proof that if en+lTYpY = 0 , then
either ¢ = 0 (covered by Theorem 3) , or the minimum element of XC is
Zero or negative.
3 It is worth noting that Theorem 4 does nct hold in general if other

multiplier estimates such as and wy are substituted for xc .

‘p
It follows from Theorem 4 that if YpY is an ascent direction, we
can delete the constraint corresponding to a negative component of AC

to obtain a first-order feasible descent direction. The procedure for

i doing this is described in Section 6.

5.2 Avoiding Rank Deficiency in the Active Contraint Jacobian.

In this section we demonstrate how the active set can always be

.
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chosen so as to avoid rank deficiency in A . We first consider the
consequences of A being rank deficient. If A 1is rank deficient and

c # 0 , it is not possible in general to satisfy the constraints of

b shoth oo 1

QPl since they may not be compatible. In such circumstances it might

be thought that an adequate compromise would be the least squares solution
to RTp - g » but this may not be first-order feasible with respect

to EMP and hence may not be a descent direction for the minimax function
even if it is a descent direction for EMP. Clearly it is desirable to
restrict the number of constraints in the active set so that K has

full rank.

The way this is done is as follows. Given a set of candidstces for
the active set, we determine which are to be actually included in the
active set during the QR factorization of K . Assuming the problem is
well-scaled, a reasonable order in which to consider the candidates for
inclusion is given by the size of the constraint values. Therefore we
order the potential columns of A by increasing size of [cj] before
proceeding to do a QR factorization of the matrix by columns without
column pivoting (except where several columns correspond to the same
magnitude of cj). If it transpires during the factorization that any
of the potential columns of K is linearly dependent on those already
included, then the corresponding constraint is not included in the active
set, Clearly such a process results in a matrix K that has full column

rank.

An example which illustrates this procedure is the following.

Suppose the initial candidates for the active set are

;
3
!
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1o'h
1077 0

-2

.10 J lJ

Then the first and third constraints are selected for the active set,

and the second and fourth are ignored.

We must now show that omitting any constraint, say cr(x) s from
the active set to avoid rank deficiency in ;. does not cause (2.3) to
be violated. Strictly speaking, we need not be concerned with constraints
for which cr(x) > 0, but for the moment we will not assume cr(x) =0
since the following also serves to illustrate why we put potentially

active constraints in increasing order.

Let a. be the gradient of ¢, - We have

s
a, =Z v e
i=l

for some index s and scalars w

5 2 i=1,...,8 . Since the

constraints were ordered we also have

>...>c

Cr 2 s 2 cs-l =

1

It follows from (3.2) and (5.2) that




Since we have no a priori information about how the sizes of the {wi}
would change if the columns were ordered differently, we have by putting
the constraints in increasing order attempted to prevent |aer| from
being large and in particular to prevent s er from being a large
negative number. Ordering the constraints also ensures that the omitted
constraint cr have as large a value as possible, and these two facts
combine to make it as unlikely as possible that constraint »r will
prevent a significant step from being taken along p . It follows from
(5.3) and (5.4) that if c_=0 , then aer = 0 and hence (2.3) is
satisfied. However,if it is necessary to delete a further constraint
from the active set as described in Section 6, then (2.3) may no longer
hold. This difficulty is circumvented by allowing a zero step to be
taken along p (see Section 8) and then reconsidering the choice of

active set in the next iteration.

5.3 Projected Hessian not Positive Definite.

If ZTWZ is not positive definite, it makes no sense to use the

solution of (3.3), even if it exists, to define the direction of search.

Such a direction is a step to a stationary point which is not a minimum

of the quadratic form on the subspace defined by the constraints and may
even be a maximum. It also makes no sense to reduce the number of active
constraints (the projected Hessian will still be indefinite) since one
means of ensuring that the projected Hessian is positive definite is to
increase the number of active constraints. An alternative definition of
the search direction which is satisfactory is to utilize the modified

Cholesky algorithm of Gill and Murray (1974).




The following numerically stable matrix factorization is computed:

727 + E = LDL

The matrix E 1is a non-negative diagonal matrix large enough to make
ZWZ + E numerically positive definite. The modified Newton direction

in the null space of A 1is then defined as ZqZ where
T T
LDL q; = - Z €+l (5.5)

Recently several more complicated methods have been suggested for handling
indefinite Hessians ; see Fletcher and Freeman (1977), and More and Sorenson
(1979). All of these, including the Gill and Murray algorithm, provide

ways of obtaining directions of negative curvature. As will be explained
shortly, however,these are not so useful in the context of nonlinear
constraints;our main concern here is simply to obtain a reasonable descent
direction.

Iike the Newton direction ZqZ in the positive definite case, the

vector ZQZ is a descent direction provided that ZTen+1 # o . If
T _ T - = .
A €1 - 0 and e+ YpY < 0 we can simply set p = Ypy, if
T _ T .
Z €+ = 0 and e +1 YpY > 0 we have already explained that a constraint
may be deleted. Similarly if emlTYpY = 0 , but a component of AC is

negative, a constraint may be deleted.

If Z'WZ 1is not positive semi-definite and en+1TYpY
T (k)

Z en+l = 0 and AC > 0, then the point x = 1is a constrained saddle

point (oreven a maximum). It is desirable to compute a feasible arc of

=O’

negative curvature with respect to ZTWZ s which must exist. For the

case of linearly constrained minimization of a differentiable function,
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Gill ‘and Murray (1974) have shown how to compute a vector of negative
curvature using the modified Cholesky factorization. However, it is not
possible in general to compute such an arc for the nonlinearly constrained
case given only W -- it is necessary to know all the individual constraint
Hessians. Such a computation would hence require an unreasonable amount

of storage as well as computational effort. We therefore suggest the
following. If 33 > 0 for some j, delete the j-th active constraint

and avoid, or at least postpone, the problem. If 3 = 0 , compute the
direction of negative curvature assuming the constraints are linear, which
is thus feasible to first order, and try stepping along it. If the minimax

function is lower at the new point,then take this as x(k+1)

. Otherwise

an alternative is to try to obtain a lower point using a function-comparison
method such as described in Swann (1972). There is no reasonable procedure
which is guaranteed to work in this situation. However, it should be noted
that such & situation is unlikely to occur since the basic modified Newton

iteration of solving successive quadratic programs seeks to avoid saddle

points and maxima.

6. Deleting Constraints from the Active Set.

In Section 5 we explained that when ZTen = 0 and a multiplier is

+1

negative, it is necessary to delete & constraint from the active set in
order to obtain a first-order feasible descent direction. It is well known

in the context of constrained optimization that it is ill-advised

T

to wait until 2 e, is zero or very close to zero before deleting a

+1
constraint corresponding to a negative multiplier estimate, since doing so

is solving the wrong equality-constrained subproblem with unnecessary

33

R At s




accuracy (minimizing on a manifold). It is also well known that it is

even more ill-advised to delete a constraint too early, when the multi-
plier estimates are not yet reliable, since this may cause the constraint
to be repeatedly added to and dropped from the active set. Gill and
Murray (1979) suggest computing both A, end u. vhen possible, never

considering deleting a constraint unless the estimates have the same sign

and agree within a certain tolerance. Here we use XC instead of XL .

= T -
Notice that XC by V¥hen Z €y = 0 . A further possibility is to

insist that the following hold before deleting a constraint:

T L]
"Z en+1" < § min (1, - min (Ac)i)

vwhere 8< 1 is a constant, say & =1 . In effect, this test ensures
that the higher the uncertainty that a multiplier is negative, the greater
the accuracy to which the minimum is spproximated on the manifold.

In Section 5.1 we also pointed out a further situation in which we
delete a constraint. This is when en+1TYpY > 0 , which means (as
shown in Theorem 4) that ()‘C)'j <0 (ana SJ >0) for some j . A
constraint is always deleted in this situation since this is a clear
indication that there are too many constraints in the active set. ;

In the rest of this section we discuss what search direction p to

choose after deleting constraint j with (kc)j < 0 . Define X, Z and

~

z by (b.1). Dpefine ¢ tobe c with CJ deleted. Since K corresponds

to the new active set we wish p to satisfy

ZTP = - g (6-1)
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corresponding to (2.1), and also Ppe1 <0, i.e. (2.2). If SJ = 0

then we must have

;§ p> 0 (6.2)
to satisfy (2.3), but as explained in Section 5.1, this is desirable even
if Zj >0 . )

As we noted in Section 4, the steepest descent step Zsz in the
null space of the new set of constraints, given by (h.2), must satisfy
(6.2), but the Newton step given by (4.4t) may not satisfy (6.2) . A step
satisfying (6.2) which is preferable to the steepest de . . - ~tep is a
combination of the Newton step in the null space of A s 1.e. Zqz » and
the steepest descent step in the new direction permitted by deleting the

constraint.

Theorem 5. Assume A has full rank.
Suppose (Ag); <O . Define A, Zand z asin (3.1). Let r; be

defined by

where q, is defined by (5.5). Then p = Zr; satisfies (6.1), (2.2)

and (6.3).

Proof. It is trivial to see that (6.1) holds. We show that (2.2) is

satisfied, i.e. p is a descent direction for EMP , as follows:




T (z 2] rE

= e
n+l

T T T
22 €

el 4z - %y n+l

T T T
- q LDL Q- €41 22 €4

The first term is zero or negative. The second term is negative since

otherwise EETen

~

_ T ~~= ~
= ZZ e +1 and hence AxL AAL » where kL is

A with (KL){ deleted, which implies (;\L) " 0 , a contradiction.
L)

Thus 21, is a descent direction. The proof that (6.2) holds follows

that of Theorem 1, Gill and Murray (1979). We have

A~

T . ~ -
aJZrZ = aj (Z 2] r; [o aj z] r;
I
= - ajzz en+l .

Note that the fact that A has full rank implies that agz ¥ O and hence

agz 40 . Miltiplying both sides of (5.1) by z° we have

()\L)’j zT;j = z7e

80

~p AT \2
ayZry = - (AL)J (ajz? >0.0

Note that there is no guarantee that the corresponding range space

step Yp; to the modified set of constraints satisfies either (2.2 ) or




(6.2). Tnis step is defined by

~p -
A YpY =.c

-~ ~

where ¢ is ¢ with gj deleted and the orthogonal columns of §
span the range of A . However, since ng satisfies (2.2) anad (6.2)
with strict inequality, so does Y§p§ F Erz for small enough Y . |
Although Erz is guaranteed to satisfy the required properties
(6.1), (2.2) and (6.2), the Newton step Zqz may be preferable if it
satisfies (6.2). 1In fact, the step Epz , defined by
~p_

- ~
ZWzpy = - 2 (e, * Wipg) ,

may be preferable to either, but this is not guaranteed to even be a
descent direction. We recommend computing Eqi and performing the
appropriate inner product to check whether it is a feasible descent
direction, falling back on Y§p§ + Zry Af it is not, and substituting
qu for Erg if it is. This may be done even if (pw)j > 0 , which may
be the case if we are ucleting a constraint when en+1TYpY >0 ,
since Theorem 4 does not hold with Wy Substituted for AL (even if W
is assumed to be positive definite). Although when exact Hessians are
available, it is normally inadvisable to delete a constraint and take a
Newton step when (“W)j > 0, in this case it is desirable to delete a
constraint and the only question is what step to take.

In all of the above,when a constraint is deleted from the active set

it is not necessary to recompute the factorizations of A and ETWZ from

scratch. They can be obtained by updating the factorizations already
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WZ by differencing the gradient of the Lagrangian function along the

available, as described in Gill, Golub, Murray and Saunders (197h4)
and Gill and Murray (1974).

Note that we have been able to always obtain a satisfactory choice
for p by deleting only ore constraint with a negative multiplier

estimate.

T. Quasi-Newton and Finite Difference Approximations to the Hessian.

It may be that the Hessians {vefi} are unavailable either because
they are too expensive to evaluate or too difficult to determine.
Here we outline the various alternative ways to approximate W .

Recall from Section 1.1 that

=
I
o =l
o O

so that when analytical Hessians are used a matrix of order n is stored.
The two basic alternatives are using a finite difference approximation or
a quasi-Newton approximation.

A finite difference approximation to W , unlike a quasi-Newton
approximation, requires extra gradient evaluations to be done at each
iteration. However, it is important to note that extra gradient evaluations
of only the t active functions are required, where % may be significantly
less than m , the number of functions which must be evaluated at each
iteration. Furthermore, since the matrix W 1is not explicitly required

to compute p we can form a direct finite difference approximation to

columns of Z . It is also necessary to difference the gradients along

Yp, to obtain an approximation to WYp, (for computing p, and ”W)'
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Thus the t active gradients must each be evaluated only n - ¢t + 2

times, which may be considerably less than the n + 1 required to

approximate W .
When a quasi-Newton method is used, two approaches are possible.

One is to maintain an approximation B to the full matrix W . The
problem with this approach is that W may have negative eigenvalues

at the solution and so a hereditary positive definite update may not be
appropriate. Nonetheless, Powell (1977) has shown that it is possible to
maintain a positive definite approximation and still obtain superlinear
local convergence. In the case of linearly constrained optimization, Gill

and Murray (1974) have suggested maintaining a quasi-Newton approximation

to the projected Hessian ZTWZ s & strategy with two major advantages:
the matrix to be stored has lower dimension, and because the projected
Hessian is positive definite at the solution a positive definite update
is appropriate. Murray and Wright (1978) have suggested and numerically
investigated a number of variants of a similar approach for problem NCP.
An additional difficulty with nonlinear constraints is that the matrix 2
is changing at every iteration as well as the matrix W . We note that ¢
when this technique is used the vector Py (as opposed to qZ) and the '
second order multiplier estimate by @are not made available. However, even if

the full matrix is approximated these vectors are likely to be unreliable

since the quasi-Newton approximation is not reliable in the sense that

Bp is rarely a close approximation to Wp . When a constraint is

deleted from the active set, the approximation may be augmented as

follows:
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The resulting direction Zgy (substituting 7 BZ for ZWZ) is then

identical to the direction Erg described earlier.

The choice between exact Hessians, finite difference of gradients,
and a quasi-Newton method will depend on various circumstances. For further
details for both finite difference strategies and quasi-Newton strategies
the reader is referred to Murray and Wright (1978), where the same topic
is discussed with regard to algorithms for solving problem NCP.

One of the prime applications of the minimax algorithm is to data
fitting problems in the IQ norm (see Section 11). These problems
typically have a large number of functions fi (observations), but a
relatively small number of variables. Furthermore if the functions are
not too highly nonlinear the number of active constraints at the solution
may be close to n+l (it would be exactly n+l if the problem were linear).
Thus it may often be that t << m and n+l-t << n, exactly the situation
where the finite difference scheme is most efficient. Since the finite
difference scheme will normally produce a better direction of search
at each iteration than a quasi-Newton method and also has & higher
rate of convergence, it will normally take significantly fewer
iterations to reach the solution., Thus the additional work at

each iteration may result in a substantial saving overall.




e e Sl S

It is worth noting that a feasible point algorithm for problem

NCP (such as the barrier trajectory method described in Wright (1976))
may have to evaluate all m functions for each column of Z when

using a finite difference scheme. The reason for this is to ascertain
thet each evaluation point is feasible and hence the t active gradients
are well-defined. This consideration does not arise with the minimax

problem.

8. Determining the Steplength.

(k)

In the previous sections we have shown how, given x » We may
obtain a satisfactory direction of search p which is a descent direction
for the minimax function. We now discuss how to determine a steplength
@ to take along P . Although a simple steplength algorithm may be all
that is required to meet convergence criteria for the overall algorithm,
from the point of view of efficiency it is important that the step
achieve as large a reduction in the value of the function FM as possible,
given a certain limit on the effort to be expended. Since FM is not
differentiable everywhere a steplength algorithm intended for differen-
tiable functions will not be efficient. We therefore use the steplength
algorithm which is described at some length in Murray and Overton (1979).
This algorithm is designed specifically for the minimax problem and
related problems. It includes a facility for varying the limit on
the effort to be expended, producing anything from an algorithm which

normally takes only & single function evaluation to one which does

an exact linear search,




The steplength algorithm requires an initial guess at o« , say

i o vhere F,, 1s to be evaluated first. We set o, to either one, or

M

i the estimated step to the nearest inactive constraint using the linear
3 approximations at x(k) s if this is less than one. Thus
E oy = min {10} (8.1)

1 T

where aé = min {- -5 | a,p <0 and i not in active set}.
a,p
i

It is possible that ao= 0 and hence the algorithm must allow for this
possibility. In this case the appropriate inactive constraint must be

added to the active set and the iteration is repeated.

9. Flowchart of the Algorithm.

We summarize the basic iteration of the algorithm in the flowchart
in Figure 2. For simplicity we have omitted any tolerances from the flow-
chart though clearly in practice these must be included. The parameters
Yy and Y, 8re optional. For the results presented in Section 1k,

Y, is set to 1 when possible but Yo is always set to zero. The
latter is done because near a saddle point or after deleting a constraint
a poor range space direction can swamp a good null space direction if

Y, > 0 . The notation S 1is used to mean either W or a finite-

difference or quasi-Newton approximation to W .
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10. Selecting the Active Set. !

The success of the algorithm we have described depends on being
able to make a reasonable choice of the active set at each iteration.
If constraints are required to have very small magnitude to be included
in the active set, then the iterates will follow the constraint boundsa-
ries very closely and the convergence will be slow. Conversely if too
meny constraints are selected as active the directions of search may be
poor. In this section we describe an active set strategy that has been

most successful for the numerical experiments we have carried out. It

is likely, however, that this strategy will be modified in the future
after more extensive numerical experience.

Clearly one feature required of the active set strategy is that,
as the iterates approach ; s 1t should become successively more difficult
for constraints with magnitudes significantly greater than zero to be
included. One way to accomplish this is to have the strategy depend on
a parameter which is reduced as the solution is approached or if any
difficulties arise. We found that reducing a parameter in this way was
not satisfactory since it can easily happen that the pareameter is reduced
too much, making it impossible to ever include all the correct active
constraints. Instead we take the following approach. There is always at
least one constraint active with value identically zero so the first
decision 1s whether to include a second constraint. If this is done the
decision of whether to include others is tied to the magnitude of the
second constraint. Thus the required objective will be achieved, pro-

vided that the first decision is made correctly so that any second active
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constraint approaches zero as the iterates approach the solution.

let us order the constraints so that O = ¢y < c, < ... < e,

with the f{f,} and {v,} correspondingly ordered. We include in the

active set all constraints with magnitude less than a very small tolerance,
any e In order to compare the larger constraint magnitudes we must
scale them in some way. For problem tQP (see Section 11) we define the

scaled values by Ei = fi » since the value of En can only be very
F,

«©
small if all the constraints values are very small. For problem MMP

S s e RToae e LR e S R T

the value of FM could be zero or negative so we define the scaled values

by 1= ! . Scaling the values is necessary since two functions

l+|f1|+|fé'

with values 999 and 1000 are likely to both be active if one is, while

(1]

this is not true of functions with values 1 and 2 . WNotice that the
existence of any functions in problem MMP with negative values much less
than FM does not affect the definition of Ei s which is appropriate

since it does not affect the solution.

*

rf If only one constraint is active, then uvl(i)" = 0 . Therefore |

#i the decision of whether to include a second active constraint 5 is made ;
as follows. If ”vlﬂ is small, say "vl" <u, , then c, is included

2 .
only if ¢, < "Euvi" » Where x, >1 , a test which can be justified

by Taylor expansions around the solution. If ”vlu > ny s then ¢,

is included only if 52 < s s where 0 < " <l .

It remains to test the other constraint wvalues against c We

2 .

%
5 o< G )
is included and &, < Hy and &, < (ci-

include ¢ if l) ’

i ¢i-1

{ = 3,4,..., min(m,n+l) , where 0O< w, <1 . Thus, for example, if

L6

i i aindte, S




T

T RTTAT I T S

TSmO TR S T T T S et ST T Y T e s Ty e

T T

6

"y = 0.5, c3 is included if c2 is included, c2 = 10 and
53 = lO-h » but not if 52 = 0.1 and 63 = 0.5. Note that we always
have c2 < 1 .

We found that it was also important not to include a constraint
in the active set if it was included but subsequently deleted in the
previous iteration. It was also helpful to include a constraint

requiring only that Ei < uz if the previous line search chose a

step to a point of discontinuity involving the corresponding function.

Sometimes some constraints are much smaller than others which
should also be in the active set (for example if some of the functions
are linear). In such a situation it is not appropriate to compare

all the constraints with Cy - The remedy is to let the first constraint

with value significantly greater than the machine precision play the

role of ¢, . However, then v, must be replaced by a projected

2 1
gradient ZTv1 in the tests, and the factorization of A and the

accumulation of the transformations which form Z must be performed
as the active set selection proceeds. We have not yet implemented

this modification.

Our current active set strategy is the above with "o set to

the square root of the machine precision, =0.1, =25,

"1 *o
= 0.25 for A”P s = 0.1 for MMP, and n, = 0.5 .

*3 "3
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1). The Special Case of the least t, Norm Problem.

In this section we consider problem th s defined in Section 1.
Problem A'P is an important special case of MMP. Note that L P must
have a solution, whereas MMP may not. Clearly it is preferable to treat
{bP in a special manner rather than just treat lfil as max (-fi,fi) .
If we eliminate the possibility that ED is zero at the solution, i.e.
all the {fi} are zero at the solution, then we can observe that only

one of each pair of constraints x

w1- f® >0, x G+ £ & >0,

n+l
can be active at the solution. Thus defining ci = sgn(fi(i)) for any X
it is straightforward to handle 1P by using the aligorithm described

for MMP, replacing fi by cifi everywhere. The only places where it is

necessary to consider the inactive constraints {ci =Xt cifi} are in

the determination of the initial guess at the steplength oy s and in
the steplength algorithm itself. Thus ao must be set to
a,= min {l,dé,aS}
vwhere qf is defined by (8.1) and oy is given by
c! T
o = min {- i | ve!"'p<o0, i= 1,2,...,m} .
0 o T i
vel'p

The changes which must be made to the steplength algorithm are indicated
in Murray and Overton (1979).

If F_ is zero at the solution there is still no difficulty with this
approach provided that m > n+l , since then of the 2m constraints active

for the equivalent problem corresponding to £ P , at most n+l can be




included in the active set to obtain a full rank active constraint

Jacobian. Thus including in the active set at most one constraint
of each pair causes no difficulty. Such a situation is a highly
degenerate one but the point is that if the situation does arise the
algorithm will take care of it efficiently. The usual source of
IQP is data fitting problems so we expect almost always to have
m > n+l . However, if it does happen that we wish to solve L P with
m < n then the above technique may be very inefficient since both
constraints in a pair of constraints active at the solution cannot be
put into the active set. Instead of making a complicated modification :
to take care of this unlikely possibility, we recommend writing the i
froblem explicitly in the form MMP and solving this directly.

It is straightforward to generalize the above to an algorithm which

can be used to minimize a more general function

Foy(x)= max {max lfi(i)l, max f, ()},

1515“‘1’ m1+1_<_i_§m

assuming m, > ntl if m, £ 0 . Since coping with the general case
introduces very little extra overhead our implementation of the algorithm
handles this wider class of functions. In this way one algorithm takes

= = . ‘
care of both MMP (m1 0) and 1P (ml m)

11.1 The Haar Condition.

We comment here on the meaning of the Haar condition since this is
usually discussed in the context of lﬂ approximation. Let us first

consider the case that the fi are linear. The Haar condition is said

L9




to hold for these functions if every n x n submatrix of V is non-
singular, where V 3is the n X m matrix whose columns are the gradients
of the {fi} . Consider problem EMP :hich is now a linear programming
problem. A necessary condition for X to be a solution to EMP is that
VX=0 and { £ 0 (since el ; = 1) . Thus the requirement that the
Haar condition holds implies that there be at least n+l active con-
straints at the solution with none of the multipliers equal to zero,

and hence that the solution is unique. Most algorithms which solve the
linear minimax problem do so by solving a linear program related to ELP,
Thus whether or not the Haar condition holds is quite

irrelevant to the difficulty of solving JQP » Since zero multipliers
cause no real difficulty in solving linear programs. Degeneracy, which
occurs when the matrix R is rank deficient and can in theory cause
problems in solving a linear program, can occur whether or not the Haar
condition holds. The significance of the Haar condition is that if it
does not hold the solution may not be unique, and hence one may be
interested in a "strict" solution to the data approximation problem which

is unique, i.e. that solution of L P which minimizes

*

max {Ifi(i)l £, inactive at x}

(see Rice (1969) and Brannigan (1978)).

The Haar condition is much stronger than necessary to ensure unique-
ness. A slightly more reasonable condition is that there be n+l constraints
with nonzero multipliers active at the solution of £ P (see Jittorntrum

and Csborne (1979, p.3) for an example showing that this condition is
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still stronger than necessary to ensure uniqueness). This condition
cannot be checked without solving lQP but solving th is actually
much easier to do than checking whether the Haar conditon holds.

Let us now consider the nonlinear case. The Haar condition is then
said to hold at a point X if every subset of gradients of functious
with zero constraint values at x is linearly independent. As in the

*
linear case we are really only concerned with the situation at X . Thus

the Haar condition holds at ; if every n X n submetrix of % has full
rank., Again it follows that if the Haar conditon holds there must be

n+l constraints with nonzero multipliers active at ; . This condition
is however a much more unreasonsble one than in the linear case. There
must always exist & solution to the linear problem where n+l constraints
are active, but the nonlinear problem can have a unique solution with
anything irom 1 to n+tl constraints active. If the Haar condition does
hold at Xx then Z is null and the problem can be adequately solved by
a method using only first-order information. Thus our algorithm has been
designed with the assumption that the Haar condition often does not hold.
When {bP arises from data fitting problems it may :ometimes be the case
that the Haar condition can be expected to hold at x . However, the
only way to ascertain whether the Haar condition does indeed hold is to
solve the problem. Since we cannot be sure at the outset it is clearly
ungatisfactory to be using an algorithm which uses first order-information
only and hence may indicate that the Haar condition does not hold by
extremely poor performance. For many data fitting problems the number of

active constraints at the solution may be close to n+l , and as pointed
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out in Section 7 this means using a finite difference approximation to

ZTWZ, which has order n+l-t , may be quite inexpensive.

? Cromme (1972) discusses in a broader setting s weaker condition than
*

the Haar condition at X called strong uniqueness which still ensures

that a particular algorithm using only first-.order information converges
quadratically. Strong uniqueness implies that n+l constraints are
active at ; but is weaker than the Haar condition since it permits active
constraints with zero multipliers. Jittorntrum and Osborne (1979) discuss
8. gtill weaker condition which arises from examining the curvature in the
null space of the active constraint Jacobian with gradients corresponding

to zero multipliers deleted. This weaker condition also ensures that a

first -order method has quadratic convergence. The sufficient conditions
for a minimum given in Section 1;1 are much weaker than any of these

conditions since they permit t(x) to be less than n+l , in which case
an efficient algorithm must approximate ZTWZ . These conditions could

themselves te weakened if curvature corresponding to zero multipliers were

examined.,
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12. Relationships to Other Algorithms

A number of other algorithms have been proposed to solve the nonlinear
minimax problem. It was not until recently, however, that special algorithms
for MMP which make use of second-order information appeared. Han (1977b, 1978a,

1978b) suggests methods which solve a sequence of quadratic programming prob-

lems using a quasi-Newton approximation to W . These will discussed further

shortly. Watson (1979) and Hald and Madsen (1978) proposed two-stage methods
which begin by using the first-order ﬁethods of Anderson and Osborne (1977)
and Madsen (1975), respectively, and switch to solving a system of nonlinear
equations using the second-order information in W when it is thought that
the active set has been identified. The system is of order n+l+t , i.e.,
the multipliers and variables are all obtained at once. Recall that for
problem £ P , t 1is often close to n+l so the systems that Watson and

Hald and Madsen solve may be much larger than the ones we solve. The direc-

tion of search obtained is not necessarily a descent direction for the mini-
max function but only for the residual of the nonlinear system. A method
related to the second stage of these methods was given by Hettich (1976).
Conn (1979) presents a method which is derived from the point of view of

a nondifferentiable penalty function. It is related to the algorithm of :

Charalambous and Conn (1978) but uses second-order information. We discuss
this method further below. Other methods which use second-order information
and are related to Han's method are disucssed by Charalambous and Moharram

{1978,1979) and Wierzbicki (1978).
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Our algorithm is most closely related to the methods of Han (197Tb,
1978a) and Conn (1979), so we discuss these further here. The primary
difference between our method and Han's method is that we attempt to iden-
tify the active set at each iteration and then solve an equality-con-
strained quadratic program (EQP), modifying the resulting direction of
search and the active set if necessary, while Han solves an inequality-
constrained quadratic program (IQP), thus implicitly selecting the active

set associated with the solution of IQP. The IQP has the form:
1l T T
min 2 P ¥p + ®p+1 P
. T
subject to A'p > -c

wvhere ¢ and A are the vector and matrix of all the constraints and
their gradients.

The dichotomy of whether to solve EQP or IQP occurs at all levels
of constrained optimization. Murray (1969a) considered solving the IQP
associated with his algorithm for NCP but found an EQP strategy more
successful. He also considered a strategy of partially solving IQP.

The same question arises in linearly constrained optimization. Brayton
and Cullum (1977) report some results which indicate that for the case
of minimization subject to bounds on the variables (the simplest possible
constrained optimization problem), solving IQP is not in general more

efficient than solving EQP.
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The motivation for solving IQP is that 1t mekes the fullest use
of the information at x(k) . Furthermore it simplifies the description
of the algorithm and for problem MMP makes it straightforward to get
a descent direction since positive constraints are not selected for an
active set except in the process of solving IQP. Clearly one disadvan-
tage of solving IQP is that it is more work than solving EQP. If m>>n
and the function eveluations are not too expensive then an algorithm
which solves IQP may be extremely inefficient compared to one which solves
EQP. However this is not the main objection to solving IQP. The main
motivation for solving EQP rather than IQP is that the linear approximations
to the constraints (for NCP and MMP) and the quadratic approximation to the
Lagrangian function are unreliable away from the current point x(k) .
The process of solving IQP involves successively making decisions about
which constraints to include in the active set at points which may be gquite
far from x(k?, based on the approximations at x(k) . Thus the final point
at which this decision is made, the solution of IQP, may be the result of
(k)

choosing an active set which has no meaning whatsoever. If x is so

close to ; that the approximations are satisfactory then IQP may still

have no advantage over EQP since they may well have the same solution.
Most of the differences between Han's method and ours result from

the difference between IOP and EQP (he uses the multipliers from the

old IQP and requires that the full Hessian W 1is positive definite,

while we use AC to define W and require only that ZTWZ be

positive definite). He discusses only quasi-Newton methods while we

consider also a finite difference strategy. Finally, although his

line search is used to obtain a reduction in FM it is not designed

specially for nondifferentiable functions as ours is,
55

. "“'I al




Han (1978b) presents another algorithm for MMP which is related tc
the one discussed above. It is quite different however in that the line
search takes place in the (n+l) dimensional space. The line search obtains

a reduction in the function

m
0(0) = X ¥ aBy,g* ) max(ey & + @) - (¢ ap,),0)

i=1
instead of FM(i + ap ). The motivation given for this is that @ takes
into account some inactive functions while FM gives bias completely to
the active functions. However, our view is that inactive functions should
be considered in the line search only if they are likely to become active
along the line, and this is exactly what our special line search to reduce

the minimax function does.

The problem with reducing 0 is that it relies too much on the
value of pn+1 which gives only a linear approximation to the active
functions at x(k) . It is easy to construct examples where minimizing
0 along the line results in a much smaller reduction of FM than is
possible. We feel that using @ instead of FM in the line search is
discarding one of the most useful tools available to solve MMP.

The analysis in Han (1978b) is concerned with the fact that the
quadratic form of IQP is not positive definite in Rn+1 . Our view how-
ever is that the only matrix whose positive definiteness should be a
concern is the projected Hessian, and this is the same in R® and Rn+l

since Y2 = Z'WZ . Recall that we expect the dimension of this matrix ‘

to be much smaller than that of W .
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We now turn our attention to the algorithm of Conn (1979), which is
more closely related to ours in a number of ways. Like us, Conn attempts
to identify the active set and solves & related EQP at every iteration.
However, unlike ours, hig search direction does not include a component
in the space spanned by Y unless there is reason to believe that x(k)
is near a stationary point. Furthermore he uses the Hessian of the
Lagrangian function to give the quadratic form of the QP only if x(k) is
thought to be near a stationary point. Otherwise he uses instead the
Hessians of one of the active functions at each iteration. His reason for
this is that the Lagrange multipliers may be highly inaccurate away from
a stationary point. Although this is certainly true, our view is that
using the Hessian of only one function is equivalent to using a multiplier

estimate with only one component equal to one and the rest zero, and that

this is no less arbitrary than using any other vector of nonnegative

components which sum to one to define W . As we explained at the end

of Section 4, our algorithm always uses such s vector to define W .

Our approach eliminates any need to decide when to switch from one strategy

to another, something which it is difficult to do since it is hard to

tell how accurate multiplier estimates are. Furthermore using different

Hessians at different iterations makes a quasi-Newton approach difficult.
There are many other differences between Conn's algorithm and ours

vwhich follow because of the fact that his approach is via a nondifferent-

iable penalty function while ours is via a Langrangian function. For

example, he does not factorize the matrix R as we do, but instead factor-

izes a matrix M which is -G less one column ;j corresponding to the

one function whose Hessian is to be computed. This matrix factorization
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is then updated to give a factorization of the matrix resulting from adding

»~

v:l to each column of M . It can be shown that this approach restricts
P to the same null space as our algorithm. Multiplier estimates can also
be computed by this approach but they will not be the same as either )‘L
or LC since they give bias to function j . Conn shows how to take
advantage of any explicitly linear functions in his algorithm.

In a way our algorithm treads the middle ground between Han's method
and Conn's method. Han relies on the approximation at x(k) so completely
that he solves the IQP. Conn distrusts the multiplier estimates and does
not use them unless x(k) is near a stationary point. We believe that
some multiplier estimates are better than no estimates at all, but we solve

the QP which relies as little on the approximations as possible.

58




13. Convergence Properties.

In the limit our method becomes a projected Lagrangian method for
NCP applied to the special case MMP and so we can make use of the known
asymptotic local convergence results for these methods. Robinson (197h4)
showed that the method of Wilson (1963) has a quadratic rate of local
convergence if analytical Hessians of the objective function and con-
straints are used, provided that the functions are sufficiently smooth
and there are no zero multipliers at the solution. This last condition
also ensures that ultimately solving the IQP and the EQP are the same,
so the only difference between our method and Wilson's in the limit is
the fact that we use the first-order multiplier estimates at the new
point (instead of the multipliers of the old QP) to define W . It is
shown by Fletcher (1974) that using the first-order multiplier estimates
does not inhibit the quadratic convergence of a projected Lagrangian
method.

Using finite-difference approximations to the Hessian or projected
Hessian is well known to have essentially the same final rate of con-
vergence (to machine precision) as using analytical Hessians. A super-
linear rate of convergence for a projected Lagrangian method using a par-
ticular quasi-Newton approximation to the full matrix W has been shown

by Powell (1977).

14. Computational Results.

In this section we illustrate the usefulness of the algorithm by
presenting some numericel results for the case where finite-difference

approximations to the Hessian of the lLagrangian function are used.
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Six problems are selected from the literature. We solve the first
four as problems of the type {DP and the last two as problems of

the type MMP., The problems and their solutions are as follows:

Problem 1: Bard (1970).

1

(x) B I

f X =y"x - ’ J=l,2,oo-,15 ) 3

J I § ij2+ wa3 ¥

§

where u = i, vy = 16-3 , vy = min(uJ,Vj) and the vector y i
3

is given in Table 1. |
Starting Point: x. = (1,1,1)T . |

0

Problem 2: Kowalik and Osborne (1968).

2
_ﬁ@j+§%)

u, + x

J 3

r fj(x) = ¥y j=1,2,...,11

%+ﬁ
where vectors y and u are given in Table 2.

! Starting Point: x, = (0.25,0.39,0.415,0.39)T

TABLE 1 TABLE 2

-
«
™
[

Iy Yy

0.1957 k4.0000
0. 1947 2.0000
0.1735 1.0000
0.1600 0.5000
0.08h4 0.2500
0.0627 0.1670
0.0k56 0.1250
0.034k2 0.1000
0.0323 0.0833
0.0235 0.0T1h
0.0246 0.0625

[y
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Problem 3: Madsen (1975).

2 2
fl(x) =Xt XX,

f2 (x) = sin xl

fE(X) = cos x,

Starting Point: x = (3,1)7 .

Problem 4: El-Attar et al. (1979) # 2.

R e N oS

f?_(x) = 112+ 122+ (a%- 2)? fs(x) - 2x13+ 6x22 + 2(5x3- x* 1)?

fj(x) =Xt Xt Xy 1 f6(x) =

Starting Point: X, = (l,l,l)T .

Froblem 5: Charalambous snd Bandler (1976) # 1.

fl(x) = x12+ xzh

£,0x) = (2-x))%+ (2-x,)

fB(X) =2 exp(-xl* x2) .

T
Starting Point: x, = (1,-0.1)" .
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Problem 6: Rosen and Suzuki (1965).

r

| £ (x) = x12+ x22+ 2x52+ x,f- 5x,- 5x,- 2Lxgt Txy, -
£,(x) = £ (x) - 10(- x12- x22- x32_ x,2- x* X, X5+ %+ 8)
f3(X) = fl(x) - 10(- xle- 2x22- x32- 2xh2+ Xtx o+ 10)

;: fh(X) = fl(x) - 10(- 2x12- x22- x32- exy+ Xt X+ 5) .

%

Starting Point: X, = (0,0,0,0)T .
: (This is a problem originally of the type NCP transformed to type MMP
by the introduction of the penalty parameter 10, which is always possible

if the parameter is large enough, as several authors have pointed out).

Solutions found:

Problen 1, (t“P):

Fw(;) = 0.T7601 with x = (0.1T757, - 0.94295, 5.30796)T .

I (This is a different local minimum from that found by Watson (1979)).

Problem 2,{2 P):

: F_(x) = 0.00808k with X = (0.18463, 0.10521, 0.01196, 0.11179)".

§ Problem 3, (¢ P):

(- 0.45330, 0.90659) .

Fw(;) = 0.61643 with x




Problem 4, (¢ P):

»
F_(x) = 3.59972  with X = (0.32826, 0.00000, 0.13132)T

Problem 5, (M/P):

»*
F(X) = 1.95222  with X = (1.13904, 0.89956)T

RASIC SR

Problen 5, (MP):

ER T

The results are summarized in Table 3. The termination conditions
requires were that |c|2 < 10-6, IzTen_._llz < ]0_6 . 27wz numerically
positive semi-definite and Ac >0 . The line search accuracy parameter n
was set to 0.9 (see Murray and Overton (1979) for the definition of this parameter).
Several other choices of n were tried, but n = 0.9 was the most
efficient, indicating as expected that a slack line search is desirable
at least on these problems. The machine used was an IBM 370/168 in
double precision, i.e., with 16 decimal digits of accuracy. The column
headed NI reports the number of iterations required, which is also the
number of times the Hessian was aepproximated. The column headed NF
gives the number of function evaluations (not including gradient evaluations

for the Hessian approximation).

» * '
F“(x) = - 44.0000 with x = (0.00000, 1.00000, 2.00000,- 1.00000).

ikt




TABLE 3

Problem n m n+1--€ NI NF
1 (Bard) 3 15 1 1 1
2 (Kowalik and Osborne) L 11 o 1 1k
3 (Madsen) : 2 3 1 13 19
L (El-Attar et al,#e) 3 6 2 7 8
5 (Charalambous and Bandler,#1) 2 3 1 6 6
6 (Rosen and Suzuki) h b 2 T 10

The results demonstrate that at least on a limited set of test
problems the algorithm fulfills some of its promise. Final quadratic
convergence was observed in all cases. The algorithm has been tested
on a wider set of problems and results obtained for a variety of choices
of the optional parameters. It was clear from these more extensive resgults
that more work needs to be done iu developing the active set selection

strategy. These results must therefore be regarded as preliminary.

15. Concluding Remarks.

We conclude with emphasizing the importance of solving MMP by a
special algorithm such as the one presented here and not just applying
an algorithm for the general nonlinear programming problem NCP to the
equivalent problem EMP. The primary simplification of the minimax problem
over the nonlinear programming problem is that a natural merit function
is available to measure progress towards the solution. To put this

another way, it is always possible to reduce F

M in the line search and
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obtain & new feasible point for problem EMP. Several results in this

chapter followed from the availability of the natural merit function.
In particular, consider Theorem 4 (Section 5.1). This shows that if
YPY » the component of the search direction in the range space of the
active constraint Jacobian, is an uphill direction with respect to the

minimax function, then it is known that too many constraints are in the

active set and a constraint with a positive value and a negative multi-
plier estimate can be deleted to obtain a descent direction. There is
no analogue of Theorem 4 for the nonlinear programming problem NCP,
because ; may have negative components. If the vector YPY is uphill
with respect to an artificial merit function such as a penalty function,
then it may be because there are too many constreints in the active set,
or it may be because the penalty parameter is not large enough.

There are other aspects which make it clear that solving MMP in g
special way is advantageous. Since the first-order constraint qualifi-
cations are always satisfied (see Section 1.2) there is no need to be
concerned over the existence of Lagrange multipliers when the active
constraint Jacebian becomes rank deficient. Also, as was pointed out
in Section L4, problem MMP is in some sense naturally scaled and the
first-order Lagrange multiplier estimates can take advantage of this
fact.

It should be clear by now how our algorithm is related to the
projected Lagrangian algorithms which have been proposed to solve NCP.
Wilson (1963), Robinson (1974), Han (1977a) and Powell (1977) all solve
successive inequality constrained QP's, so in that sense they are more

closely related to the method of Han (197Tb, 1978a) than to our method.

Murray (1969, 196%), Wright (1976) and Murray and Wright (1978) solve
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successive equality-constrained QP's. However, their methods differ
from the others and from ours in the sense that they do not attempt to
step to the active constraint boundaries at every step but control how
far outaide or inside the feasible region the iterates stay by means of

penalty and barrier parameters. This type of approach has proved to be

very successful for solving NCP because it balances the reduction of
the objective function with the reduction of the constraint violation
in a satisfactory way. However, this approach is quite unnecessary for

solving MMP since it is always trivial to obtain a feasible point for EMP.

VP . SRAPH P YT s =t Srr ot s o s

To put it another way, reducing the minimax functicn in the line search
always results in a step towards the constraint boundaries, although we
do not usually wish to step exactly to the boundaries by doing an exact

line search.

Constrained Problems.

Linear constraints can be handled by the algorithm we have presented,

since they can be incorporated into the QP at each iteration. It follows

i .bove remarks however that nonlinear constraints cannot be handled
by . Zorithm for MMP in a straightforward way. As soon as nonlinear

constraints are introduced the natural merit function is lost and the problem
takes on the complexity of the general nonlinear programming problem NCP.

Of course nonlinear constraints can still be handled by nonlinear pro-
gramming methods, but it is important to recognize the increase in complexity.
Clearly the best approach would be one which takes advantage of the minimax
structure and introduces an artificial merit function dealing with the

genuine nonlinear constraints and not with those of EMP. i1
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